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Review
.

Def. A sequence of numbers (xn) n? ,
in [0,1) is

said to be eguidistibuted in [o, i) if the following
holds : tf la , b) e [o, I ) ,

① things IT # { Isn' N : xn Efa , b )} = b - a.

Thm 't ( Weyl ) Let 8 be an irrational number
.

Then the sequence ({ n8}) ! , is equi distributed
in [ 0, 't)

.
Here { x } denotes the fractional

part of X .

More general, Weyl proved the following result :

Thmz ( Weyl 's criterion ) . Let (xn) n-7, e [o, i) .
Then ( xn ) is equidistributed in [oil) if and only if
(1) lines . ¥ IE ,

e
- " ik"

- o for all REEK!



Pf .

We first prove the necessity .
We assume that (xn) is equidistributed in [ o, D

.

By definition, we have

② lying # Ey Ha
, b)
( xn) = fo cab ,

G 'd! tea, b) ceo, !

It follows that for any step function f of the form
fan = ¥

,
Ci Hai

, bi )
" '
,

we have

③ thing, IT ¥
'

fan) = fo
't

fcxidx
.

We claim.
that (3) also holds for any ft 9250,1)

.

To see it
,
let ft R[oil) . Let E > o . Then ¥ two

step functions, say gt , g- such that

g- e f s gt
and

fo
't

gtf dx se , fo't f - g - dx se .



Now

II. T ET fans e king.* Iii F'cxn )
= fo
'

gtdx s fo't fdxt E
.

Similarly

king. Tu Ii faint s thing. it, Ii gain)
= fo 't g- dx > fjtfdx - s

.

Since E is arbitrarily taken, we see that ③ holds

for any ft Pio , D . In particular, taking f -- E
"ik"

in ③ we obtain

µ , * E.
,

emik" → fo
't

e
""'k×d×=o if he 240}

.

•

• Next we prove the sufficiency .

Suppose it holds . Then for any trigonometric polynomial
f = E Cn em in x

(MEN' '



We have

③ Imines at II faint = fo
't

fcxidx

Then by Weierstrass Approximation Thm, we see that

③ also holds for any continuous functions on [ o, if

we still need to show that ③ also holds for f-ER Eo, i)
..

Let fe 9250,11
.

Let Eso.

Then we can find
continuous functions ht , h . Such that

h - e f e ht

and f ont- f dx s e , f f - h . dx SE .

Then

limit, EI fcxn) e limit Eiht(xn )
= fo 't ht dx < fjfdxte

similarly
, hint, E) fun ) s fo'tfdx - e .



Hence Col holds for f- c- 92-6,1)
.

In particular,
(3) holds for f- = Xfa, b) ,

Ca, b) C [oil)
.

That is
, (xn ) is equi distributed .

¥
.

§ 4.4 A continuous but nowhere differentiable functions
,

• Riemann ( 1861 ) constructed the following function
is

Rex) = 2- ht Sin ( n
-

x)
,

x e IB
.

n=I

It is clear that R is Cts on IR
.
Riemann guessed that

Rox ) is nowhere diff .

• Hardy ( 1916 ) : Rex ) is not diff at x if IT is irrational
Garver ( 1969) : Rex) is diff ⇐ ¥ = Pq , P, 9- odd

• Weierstrass gave the following first example
of Cts but nowhere diff functions ;



co

Wcx ) = I b
"

cos fan × )
,

where
a >Toshi,

MD
Ab > It 3%

Remark : peyote know nowadays that
"

ab > It 3¥ " can
be weaken to ab > I

.

Here we prove a special version of Weierstrass 's
result

.

Fhm 3
. Let osdsl

.

Then

facx , = Tito 2-
nd

e
" Z""

,
xena

is Cts but nowhere differentiable .

Idea: Let GE RE- IT, -111
,
define for ME HI,

(delayed means)Aµ(g) Cx) = 2282N (8) Cx ) - IN (8) Cx )
,

where

Bill# II'm Ci - HT ) gin, ein!

By a direct calculation ,



AN Cx ) = 282N (8) Cx ) - IN (g) Cx ,
= 2 '

⇒
( i - ITT )g7n , ein

- Tien li - KT ) gncnieinx
= ⇐µ

.

atone "" +
*Fein

'- k¥193:L,
= Sµ(g) exit I 24 - IT, )g7n, ein?

NHK 2kt
hrrrnnrnrnnrrrrrrrrr

Fact : ⑥ If N = 27
,
then

Anitta) = Sm ( fatty, zm.it#tiIfacnieinx
= Sniffs)

= Eto z- na . eiznx
③ In particular, for N - 2M,

Azn Cfa ) Cx ) - AµCfa) = z-cmtbdeizmt.li



Prop 4. For any GE REIT,
it

, if g is diff at Xo,
then

An⑨ Exo ) = Of log N )
.

↳ Landau 's big O notation .

( it means that I a const C sit
f. LHS / E C . log N

' for N s 't)

Now we prove that prop 4 implies Thm 3
.

Proof of Thm 3 :

suppose on the contrary that fa is diff at xo .

Then by Prop 4,

Dm (fa)
"

exo) = O ( log N )
.

Hence

Azn (fad
'

cxo ) - An Lfa )
'

cxo ) =. O ( log N't log2)

Taking Me zm gives

ad
,

(z- CmtDa . ei Zm /
y ,

= O ( mlogz + logy
.



but it means

p zcmtl ) ( I -2) . ei M¥0 = Of@ ti ) log 2)
that is

,

zcmtl ) ( t -H = Of !mtD log 2)
,

leading to a contradiction .
rig

In the end we prove Prop 4 .

Lemmata : Let Fran = Fkn ( I- HT) ein
"

= Sin
-

Atx
-

Hsing
.

Then I a constant A so such that

IF Is Ani , Ifni left
for any XE f- IT

,
ITI

'

Pf
. Faia , = ⇐ µ

in . ( I - lift ) einx



Then I Friant E @Nti) ht s AN?

Now

Eni =

sin x) cos x )
-

sin
-⇐ x) cos
-

-sink N sin' I

Hence

I Friant E sink -14¥
N fsincxgj ,

where we use

lsinxlslxl .

E ft by using

fsinxl > const .# on EE
,
I]

The


